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Stability of a Dual-Spin Satellite with Two Dampers
KYLE T. ALFRIEND*

NASA Goddard Space Flight Center, Greenbelt, Md.
AND

CARL H. HuBERTf
Cornell University, Ithaca, N. Y.

An investigation is made of the stability of a dual-spin satellite with a spring-mass damper on one portion
and a partially filled viscous ring damper on the other portion. Time constants are obtained from the approxi-
mate equations of motion and then compared with the time constants from numerical integration of the exact
equations of motion. For certain configurations, it is shown that a limit cycle can exist.

Introduction

HOLLOW rings, partially filled with fluid, are sometimes
employed on satellites as heat pipes. The motion of the fluid

in such a pipe, however, is a source of energy dissipation, and
as such, affects the rotational stability of the system. The partially
filled viscous ring damper was first studied by Carrier and Miles,1
who demonstrated that the fluid begins to behave as a lumped
mass or slug of fluid above very small nutation angles. The
next analysis, performed by Cartwright, Massingill, and True-
blood,2'3 assumed that the fluid mass behaved as a particle
moving in a tube with a viscous damping force. Alfriend4 used
the same approach to study the single-spin system, with good
results.

NASA has contemplated mounting rings partially filled with
fluid on the rapidly spinning portion of some dual-spin satellites
for use as heat pipes during despun portions of the mission. The
purpose of this study is to determine the effect of the motion of
the fluid in these rings on the rotational stability. The fluid is
treated as a particle moving in a tube with viscous damping.
An additional passive damper system is considered to be mounted
on the slowly spinning portion of the satellite. A single mass-
spring damper is chosen for this purpose primarily for simplicity,
but the results can readily be extended to other types of dampers
and to multiple dampers. Only one viscous ring damper is used
in this analysis, but once again, the results can readily be
extended to multiple dampers.

Since the equations of motion of the system are highly
nonlinear, the criteria for rotational stability are determined
through the use of approximate solutions. The results are com-
pared with those obtained through numerical integration of the
equations of motion.

viscous ring damper ol radius r, which is centered at and
perpendicular to the spin axis. The damper contains a quantity
of fluid, assumed to behave as a particle, with a total mass
jus M. The damping constant is cs.

Let X, Y, and Z be the principal axes, and ex, ep and ez the
associated unit vectors of the system for which r = z = 0. When
z = 0, the damper mass lies on the X axis. The viscous ring
damper lies a distance / above the XY plane. The principal
moments of inertia are Ix, Iy, and /z. The rotor has a moment
of inertia about the Z axis of IR.

The main body of the satellite rotates with respect to the
inertial frame with an angular velocity <o = coxex+ coyey+cozez.
The rotor rotates with respect to the main body with an angular
velocity </>ez. The main body exerts a torque 7^ on the rotor, along
the Z axis. The Z axis is the intended spin axis.

Problem Solution
The equations of motion for the system are developed in the

appendix. Since fid <^ 1 and \is <| 1, approximate equations are
obtained by dropping all terms of 0(/^) and 0(/is). It is generally
desired that the slowly rotating portion of the satellite have a
constant angular velocity. It is assumed that this state is achieved
through the use of an internal control system which causes Tr to be
such that coz = Q (a constant). The approximate equations of
motion are

0 = IX 0)x + (Iz - Iy)0}y Q + If fay (1)

0 = />y+(/x-/>xQ-/r(K (2)
0 = (ly-Ix}a)xcoy + Ir$+csr2(<t>-i!,} (3)

0 = Mz+Dd z + \_K - M(cox
2 + o>/)]z+Mb(cox O - cby) (4)

Description of the System
Consider the dual-spin satellite shown in Fig. 1, consisting of

a main body and a symmetric rotor, both of which spin about a
common axis. Attached to the main body is a mass-spring-
dashpot damper, aligned with and a distance b from the spin axis.
The spring and damping constants are k and cd, respectively,
and the mass is jud M, where M is the total mass of the system
and \id is a constant of proportionality. The displacement of the
spring from its free length position is z. Attached to the rotor is a
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Mr (coy2 — a)x
2) sin if/ cos \j/ — Ml((by + a)x Q) sin i// —

Ml(d>x — coy Q) cos i// (5)
2((p — \lJ>)— Tr (6)

0 =

where Ds = cs//is, Dd = cd/nd, and K = k/fid. From Eqs. (3) and (6)
it is seen that

Assuming the satellite to be inertially symmetric (i.e., Ix =
Iy = /f), and assuming cf> to be nearly constant, permits Eqs. (1)
and (2) to be expressed as

where

This leads immediately to
(7)
(8)

where ^4 and /? are constants of integration. It is seen that
(fa+t$) is the approximate angular position of the plane defined
by the spin axis (Z axis) and the total angular momentum
vector. This plane will be referred to as the "nutation plane."

The nutation angle O is defined by
tan$> = Ht/Hz (9)

where Ht = (Hx
2 + Hy

2)112. This is evaluated using the angular
momentum equations in the Appendix. Neglecting terms of 0(/xd)
and 0(/xs), and substituting for cox and coy, produces the
approximation

yl = (A + Q)tan<D (10)
Differentiation of Eq. (9) leads to

<b=-Hz/Ht (11)
where Hz = a)yHx-coxHy. Expanding, and discarding terms
which are nonlinear in fid and jus, yields the approximate
equation for the time rate of change of the nutation angle

2(l + Q) tan 0> cos (\l/ - X t - /?) sin (\l/-h-fi)-
(Vr-^-«} (12)

Substituting for o>x and coy in Eq. (4), the equation of motion
of the damper mass becomes
z+ (Dd/M)z+ [(K/M)-(^+Q)2 tan2 O]z =

b(^2 - Q2) tan <D cos (h + ft
Considering <£ to be slowly varying leads to the approximate
particular solution
z =

where
= K/M - A2 - (A + Q)2 tan2 0>

(13)

(14)
(15)

The homogeneous solution vanishes with time and is ignored.
It should be noted that discarding terms of 0(/*d) and 0(/is) in
obtaining the approximate equations of motion, decoupled the
spring-mass damper motion from the fluid particle motion.

At this point, attention is directed to the fluid particle. The
motion of the particle in the ring is essentially governed by the
effects of viscous friction and centripetal acceleration. For suffi-
ciently small nutation angles, viscous friction predominates, and
after transients die out, the particle rotates with the ring. The
centripetal force, however, increases with increasing nutation
angle, eventually predominates, and causes the particle to rotate
with the nutation plane. Cartwright, Massingill, and Trueblood,2
referred to the first motion as the "spin-synchronous" mode, and
the second motion as the "nutation-synchronous" mode.

Nutation-Synchronous Mode
Let a represent the angular position of the fluid particle with

respect to the nutation plane. Since (Af+/f) is the approximate
position of the nutation plane

<x = ^-;i*-jff (16)
Substitution into Eq. (5) leads to

tan <D sin a
If (f> is considered to be a constant and O is considered to be
slowly varying, an approximate solution to this equation is the a
which satisfies

Dsr(A-<£) = M(A + Q)2[/+rtan<I>cosa]tan<X>sma (17)
This solution represents the nutation-synchronous mode.

Substitution of Eqs. (13, 16, and 17) into Eq. (12), leads
immediately to

It is assumed that the nutation angle is small enough to permit
the approximation tanO = <X>. Defining y = O2, the equation can
be rewritten as

dy/di + (Rsm'c + S)y = B (18)
where

fi = :
B = 4Ajus Ds r2((f> — A)//r(A+Q) v = -J tan ~1

Equation (18) has the solution
y = exp (jR cos T - Si) [B J exp (Sr - JR cos T) di + P J

where P0 is a constant of integration. The integral can be
evaluated by expanding exp (—R COST) in powers of ( —RCOST)

exp (Si — R cos T)^T = £ —-

,exp(St)
i=0n=ij=0

[S cos 1 4- 2(n+ i +%j ) sin T]

The series is absolutely convergent for all i < oo. The solution of
the differential equation becomes

7 = exp(RcosT)|P0exp(-ST)+J3X £ £ x

-2/c+;)2]

Since R is generally small, an approximate solution is
y = P0exp(-ST)+J3/S

Defining

' Op (19)

C2 = 5/2^ - 2/is Ds r2((^ - A)//f(A+Q) (20)
and substituting for T, finally leads to

0> = [Pexp(t/C1)-C1C2]1/2 (21)
where P is a constant.

Equation (21) represents the approximate behavior of the
nutation angle when the system is in the nutation-synchronous
mode. It is noted that a limit cycle exists if C^ < 0 arid
CjC2 < 0. In such a case, O approaches (-CiC2)1'2 asymptoti-
cally from both above and below. The possibility of such limit
cycle behavior was first demonstrated in 1970 by Likins, Tseng,
and Mingori,5 for the dual-spin system with cubic damping.
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Alfriend,6 investigated the partially filled viscous ring damper
on a single-spin satellite, treating the fluid as a slug of finite
length. He showed that the ring has an effective height equal to
the product of the actual height with [sin(y/2)]/(y/2), where y is
the angle of fill. None of the other differences between the
treatment of the fluid as a slug of finite length, and the treatment
of the fluid as a particle, appear in the linearized equations of
motion. It is seen that this result must hold for the dual spin
system as well. Hence, replacing / with

/effective = / sin (y/2)/(y/2)
will extend the results to a more general case.

For small <I>, Eq. (17) becomes
sin a = Ds r (A - #)/M/(A + Q)20>

As 3> decreases, a increases, and the fluid particle moves away
from the nutation plane. When sin a = ±1, the particle begins
to rotate with the ring and oscillate about a point within it. The
approximate magnitude of O at which this transition to spin
synchronous motion occurs is

Spin-Synchronous Mode
The behavior of the fluid particle in the spin-synchronous mode

can be expressed by the approximation
<A = <Ao+^+/(0 (22)

where \l/0 is a constant, (f> is assumed to be nearly constant, and
\f(t)\ < 1. Defining rj1 = (4> — A) and 77 2 — OA<> — /0» an(3 using the
approximations tan 6 = $ and

cos
cos sn

sin
in Eq. (12), yields

(23)
Expanding cox, o>y, and if/ in Eq. (5), and linearizing <£, yields

the approximate differential equation of/(t) for small nutation
angles

Since \f(t)\ <^ 1, this can be further reduced to
f(t)+(Dj.M)f(t) =

which has the solution
/(r) =

(24)
where

G= -M2/(A+n)/r(M2f7i2+i>i) (25)
This solution for/(f) is substituted into Eq. (23), and Eq. (13) is
used to replace z and z. Discarding those terms which are
nonlinear in <I> yields

o>+0(0<i> = /i(0 (26)
where
g(t) = X1[

[r4

= M^/?2(Q2-/l2)/2/r(a1
2-ha2

2)

(27)

(28)
(29)

The general solution of Eq. (26) is
<D = exp(

where K4 is an integration constant and

Integrating g(t) leads to
y =

(30)
(31)

(32)

where

It is seen that

and

It can be shown that the solution of

may be expressed as

(33)

(34)
(35)

(36)

(37)

where anm and 6nm are constants. Therefore, the solution
[Eq. (32)] is of the form

0> = exp|f- + - \-y \ f f {fl
L\Td W Jn = 0 m = - o o

In a practical system, the mass of the mass-spring damper and
the mass of the fluid particle will be sufficiently small so that,
except at very small nutation angles, anm> bnm, and the coefficients
of the oscillatory terms in y will be negligible. Hence, when the
system is in the spin-synchronous mode, the behavior of the
nutation angle can be approximated by the equation

<D = K4exp[-(l/Td+l/Ts)t] (38)
As with the nutation-synchronous mode, this result can be
extended to the more general case, in which the fluid is treated
as a slug of finite length, by replacing / in TS by

/effective = / sin (y/2)/(y/2)
where y is the angle of fill.

Rotational Stability of the System
The system is considered to be rotationally stable if the nuta-

tion angle has a tendency to decrease, and rotationally unstable
if it has a tendency to increase. Examination of Eqs. (21, 36,
37, and 38) shows that the behavior of <D, and hence the stability
of the system, falls into four distinct cases.

Case I (rd>0, f s >0)
Both the nutation-synchronous and spin-synchronous modes

are stable. The energy dissipated by the motion of the fluid
particle contributes to the stability. The numerical integration
of a typical nutation angle decay of this type, including the
transition from nutation-synchronous to spin-synchronous
motion, is shown in Fig. 2.

Case II (T d >0 ,T s < -ia)
The spin-synchronous mode is stable. In the nutation-

synchronous mode, the nutation angle approaches ( — CiC2)1/2

asymptotically, from both above and below. If <£. > (~-C1C2Y12,
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TIME (SECONDS)

Fig. 2 Typical Case I nutation angle decay.
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Fig. 4 Typical Case II behavior in the vicinity of the transition angle.

the steady state is a small oscillation about O = 0. However, if
Of < (— CiC2)1/2, there are two possible steady states. One of
these is the oscillation, the other is $ = (-C1C2Y12.

The motion of the fluid particle is a destabilizing influence
on the system. However, below the transition angle and above
the asymptote, the stabilizing influence of the spring-mass

damper dominates, although the decay of the nutation angle is
retarded.

Figure 3 shows the results of numerical integrations illustrating
the asymptotic behavior of the nutation angle, and Fig. 4 shows
the results of numerical integrations above and below the
transition angle.

i

100 200

TIME (SECONDS)

Fig. 3 Typical asymptotic behavior.
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Case III (id > 0, 0 > TS > ' - id)
The spin-synchronous mode is unstable, and the asymptotic

behavior of the nutation-synchronous mode (discussed in Case II)
is repeated here. The destabilizing influence of the fluid particle
overwhelms the stabilizing influence of the mass-spring damper
for nutation angles smaller than O, or (-C1C2)1/2, whichever
is larger.

Case IV (xd < 0)
The mass-spring damper is a destabilizing influence, and

hence, this case is out of the realm of realistic design.

Results of Numerical Integration
The exact equations of motion were integrated using a fourth-

order Runge-Kutta method. Comparison was made between the
numerical (or "exact") solutions and the "approximate" solutions
[Eqs. (21) and (38)], by assuming the forms of the "approximate"
solutions to be correct, determining the constants from numerical
solutions, and comparing the constants thus obtained with the
predicted constants. Figures 5 and 6 compare the approximate
and exact values of the spring-mass damper constant C1 and
the viscous ring damper constant C2. The comparisons are
favorable.

Figure 7 compares the predicted total time constant i for the
spin-synchronous mode, where

with the results of numerical integrations. It is seen that there
is good agreement between the two.

104

APPROXIMATE SOLUTION

NUMERICAL SOLUTION

1.0 1.2 1.4

Fig. 7 Approximate vs exact values of T.

Appendix: Equations of Motion
It is desirable to avoid the complexity inherent in describing

the motions of the fluid particle and the damper mass with respect
to an inertial frame of reference. This is accomplished by
choosing the reference frame to be those axes which would be the
principal axes, located at the center of mass, for the system in

n-4

10-5

APPROXIMATE SOLUTION

NUMERICAL SOLUTION

.4 .6 .8 1.0 1.2 1.4

Fig. 6 Approximate vs exact values of C2.

which r = z = 0. For the purposes of this study, it is assumed
that the satellite is rotating in free space with zero linear
momentum.

Since, in general, the origin of the system of axes is in motion
with respect to the center of mass of the satellite, the total
angular momentum of the system is

H = H0-pcxMpc

where H0 is defined as the angular momentum observed by a
nonrotating observer translating with the origin of the system,
and pc is the vector from the origin of the coordinate system
to the center of mass. The momentum H0 is expressed as
H0 = {Ixa}x + M[Lid(z2cox-bzcoz) + iiisr2a)xsm2il/-

Hs r2coy sin i// cos \\i — ̂ s rl(coz + if) cos i//~] } ex +
{Iy COy + M [Hd(Z2COy ~ fcf ) + fa T* CO y COS* I// ~~

\is r2cox sin \// cos \// — ̂ s rl(coz + iff) sin i/T] } ey +
{Iz coz + Ir (f> + M [ - nd bza)x + fjLs r2(coz + iff) -

Hs rl((Dx

and the position vector pc is
pc = jnsrcosij/ex + nsrsmil/e

The terms nsMl2coxex, Mcoy(iisl2 + ndb2)ey, and ndMb2a)zez do
not appear in H0 because, by the definitions of Ix, Iy, and /z,
they are included in Ixcoxex, Iya)yey, and /zcozez, respectively.
The total angular momentum is therefore

H = Hx

where the components are
Hx = Ixc

Hy =

Hz =

sin2 \l/-ij,J(l- ns)r2coy sin i//cos\l/-
Hd ns rz sin \j/ + /LLS r(p,d z-l) (coz + if) cos \j/}

d[z2a}y(l-nd)-bz~] +
cox sin \l/ cos \jj +y cos il/ — ̂ s(l — n

Hd fj,s rz cos O sin if/}

rcox(fj,d z-l) cos ̂ }
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Conservation of angular momentum yields
H = 0

which, when broken into its vector components, results in three
equations of motion
0 = Ix (bx + (Iz - Iy)a)y coz + Ir 4>a)y +

M{/id( 1 - fid) [2zzcox + z2((bx - coy oz)] -
jud bz(a>x o}y + cbz) + Ms(l - t*s)r2[G)y(a>z + 2^).+ cox] sin2 ̂  +
lj,8(l - Vs)r2[a)x(o)z + 2\fr) - d>J sin y cos ̂  +
Ms r [(Md z ~ O^y2 - (/W - 0 (^z + <A)2 ~ A*d d sin ̂  +

MS r(jud z - /) (cox Q}y + co? + $) cos ̂ }
0 = / c o + (/x-/>xo)z-/r(/;c

jus(l - //>2[ct), - cox(coz + 2^)] cos2 1/' -
sin i cos

] cos ^}-

0 = /zcbz + (/y-/x)coxcoy+/r^i +
; M{^ 5[z(co, coz - cox) - 2zcox] + ̂ (1 - /zs)r2(a>z + #) +

jus( 1 - /i>2cox coy [cos2 ̂  - sin2 \j/] +
fis(l - M>2(a};2 - cox

2) sin ̂  cos ̂  +
jus r[2/^d zcoy + (jUd z - 1) (cox coz + co^)] sin ̂  +

jus r [2jud zcox + (fid z - 1) (cbx - a>y coz)] cos \j/
Applying Newton's second law to the motion of the mass-spring
damper and to the motion of the fluid particle yields two more
equations of motion

Mb(cox a>z — cby)

0 = M(l-^)z>(Cd/Md)^^
M/is r [cox + coy(cDz

Mjus r [cby — o)x(coz -h
0 = M(l-M>(coz + i/;)

M(l — /zs)r [coy cos \j/ — Q)X sin i//] [coy sin i/r + a>x cos i/^] +
M[(//d z - 1) (cby + cox coz) + 2jud zco J sin \j/ +

M[(/ld Z - 0 (COX ~ ̂ y 0>z) H- 2Md 2COX] COS $

Applying M = H to the rotor yields the sixth and final equation
of motion

where Tr is the torque between the main body of the satellite and
the rotor,
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